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Flat Plate Boundary-Layer Studies in a Partially Ionized Gas
RAYMOND C. TSENG* AND L. TALBoif

Mechanical Engineering Department, University of California, Berkeley

A combined experimental and numerical investigation was conducted on the flat plate
boundary-layer flow of a partially ionized gas. Free molecule cylindrical Langmuir probes
were used to measure charged particle density, electron temperature and plasma potential
distributions in the boundary layer. The ambipolar diffusion flux to the plate surface was de-
termined by an array of flush-mounted surface electrodes. A probe size-study was carried out
and an empirical formula was obtained to make correction for the sheath-fringing field effect
on ion current collection to small flush probes. Numerical integrations were made of the
charged species conservation and electron energy equations in the quasi-neutral region of the
boundary layer for a thin plasma sheath. Mechanisms leading to the cooling of the electrons
were investigated. Numerical profiles of charged particle density, electron temperature and
plasma potential compared favorably with experimental results. Ambipolar diffusion fluxes
predicted theoretically agreed very well with the measured flush probe ion saturation current.
The validity of employing such a flush-mounted surface electrode in determination of the free
stream charged particle density was then established.

Nomenclature

= probe area
= quantity appearing in Eq. (2)
= species concentration; C = C+ = C-(M+/M_)

— constants in Eq. (10)
— specific heat of atom (ion), electron, respectively;
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DA = ambipolar diffusion coefficient, DA = D»[l + (Te/Ti)]
Di,De = diffusion coefficients
e = electron charge
E — energy given to electron gas per recombination, in ev
f(rj) — solution to Blasius equation in r) coordinate
gs = defined by Eq. (11)
H = reference length
Ii,Ie = ion, electron current to probe
Ka,Ke — thermal conductivities for neutral and electron gases,

respectively
= Knudsen number, \/2rp
= Boltzmann's constant
= length of flat plate
= probe length
= Chapman-Rubesin factor;
= mass of species
= species number density
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Re,
r
SA

T,Te

T*

Prandtl number; CPiJL/Ka
electron-ion collisional energy transfer

T/T+W
Reynolds number
constant in Eq. (10)
ambipolar Schmidt number;

Jo
temperatures of neutral (ion) and electron gases, re-

spectively, °K
T/T8
velocity components
ambipolar diffusion velocity; ( — (DA/C)(dC/dy)}
distance from flat plate leading edge
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transverse distance, y* = y/Hc/cs

recombination coefficient defined in Eq. (5)
ambipolar diffusion flux to plate surface
transformed boundary-layer coordinate;

y}y*
Z

T+w

e = Te/Te8
6- = electron temperature in ev
A = plasma parameter A = 1
\D = Debye length, AD = (kT/4:TrNee2)112

\i,j = mean free path for species i scattered by species j
IJL = viscosity
vet = electron-ion collisional frequency
£e = energy transfer due to recombination
p = mass density
r = T8/Te8
<f> = potential
<£o = plasma potential
X = dimensionless potential difference with respect to

plasma potential
cb = volume recombination rate

Subscripts
a,n = atom or neutral
e, — = electron
ij + = ion
/ = floating
p = probe
s = sheath
w = wall
X = one mean free path from surface
8 — boundary-layer edge

1. Introduction

BOUNDARY-LAYER flow problems associated with a
partially ionized gas have received considerable atten-

tion in attempts to understand the weakly ionized gaseous
environment encountered under many practical conditions.
Onboard measurements on re-entry vehicles using a flush-
mounted surface electrode have provided a convenient means
of obtaining the maximum or boundary-layer edge charged-
species density. However, the success of these measurements
depends crucially on the success of boundary-layer theory in
predicting the charged species properties distributions, and
furthermore on how the probe edge effect can be properly
taken into account.
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Fig. 1 Nozzle flow over flat plate.

Several analyses1"3 on the partially ionized boundary-layer
flow have been carried out. Most of these analyses are based
on the assumption that the electron temperature is either
frozen or in equilibrium with that of the heavier species, with
the objective of obtaining the current-voltage characteristic of
an electrode located on the surface for cases under which the
plasma sheath is either collision-dominated or collision-free.
Su4 pointed out that when the body is at floating potential,
the structure of the plasma sheath has little effect on the
charged species density distribution in the boundary layer.
The work of Burke5 took into account compressibility and
electron energy effects and his numerical results showed that
the electron temperature decreased only near the edge of a
collision dominated sheath.

Experimental investigations on this topic are relatively
scarce. Flat plate boundary-layer electron temperature mea-
surements have recently been reported by Brown and Mitch-
ner6 in a seeded atmospheric argon plasma using a spectro-
scopic technique. Other flush probe data7-8 obtained in shock
tubes have also been reported. The agreement between ex-
perimental data and theoretical analysis is still inconclusive
due either to the uncertainty involved in the diagnostic tech-
nique or to the approximations contained in the theoretical
models.

In the present study, the plasma properties in a flat plate
boundary layer were measured by means of free molecule
cylindrical probes and flush-mounted electrostatic probes
whereas theoretical profiles were obtained through numerical
solution of species and electron energy conservation equations
taking account of variable transport properties. The main
purpose of this paper is therefore to determine to what extent
agreement between theory and experiment can be achieved
through using a well-understood experimental tool and a
realistic theoretical model. The accuracy involved in the
determination of the boundary-layer edge ion density from
flush probe saturation ion current is also investigated. A
size study is presented to demonstrate the sheath-fringing-
field effect on ion current collection by a flush probe and an
empirical formula is given to make correction for this effect
as a function of the ratio of probe radius to sheath thickness.

2. Experimental Flowfield, Flat Plate Model, and
Electrostatic Probes

Experiments reported here were performed in a low-density
plasma wind tunnel where argon gas was ionized by RF in-
duction at 4 mHz in the stagnation chamber and then ex-
panded through a conical nozzle into the test section. A de-
tailed description of this test facility and its associated in-
strumentation has been reported elsewhere.9

Under test conditions as described in Ref. 10, the plasma
flowfield was found to be quite uniform, from both impact
pressure and ion density surveys (variations within 10% for
6.5 in. of axial traverse). The reference freestream flow
properties are given in Table 1. The model in which the

boundary-layer studies were conducted was a flat plate in-
sulated electrically with respect to the wind-tunnel wall and
at zero angle of attack. A photograph of the nozzle flow over
the plate is shown in Fig. 1.

The flat plate model was water-cooled and constructed of
brass with a sharp leading edge (0.005 in.). It had a 1.5-in.
groove in the center so that three sets of inserts with different
probing arrangements—including static pressure holes,
thermocouples, and various flush probes—could be fitted into
the groove to become an integral part of the flat plate.

The collection surfaces of the cylindrical Langmuir probes
were produced by allowing a length of bare tungsten wire to
protrude from a piece of mullite tubing insulation. The probe
construction, cleaning, and circuitry have been reported in
Ref. 9. Flush-mounted circular electrostatic probes were
made of copper rods and insulated from the plate body with
BN sleeves. For the charged particle diffusion flux study an
array of five f-in.-diam flush probes situated along the plate
centerline were used. Several smaller-sized flush probes made
from copper or tungsten wires of the proper cross-sectional
area were employed for flush-probe size-studies.

The free molecule cylindrical Langmuir probe used for the
boundary-layer surveys had a radius of 6.35 X 10 ~3 cm and
an aspect ratio l/rp ^ 70. From recent reports by Sonin11

and Kirchhoff et al.12 cylindrical probes of this aspect ratio
aligned with the flow should produce little end effect and
probe theory for an infinite cylinder in stationary plasma
should be applicable.

3. Electrostatic Probe Measurements in a
Flowing Plasma and Their Applicability to

Flat Plate Boundary-Layer Survey

Recent reviews by de Leeuw13 and Chen14 gave detailed
accounts of electrostatic probe theory and its application.
The most accurate collisionless theory published to date is
that of Laframboise.15

In order that collisionless theory be applied it is necessary
that Knudsen numbers based on all relevant mean free paths
and the probe dimensions be large. Under our most stringent
experimental conditions all Knudsen numbers (Kn =s
\/2rp) were much larger than unity except (Kn)a, (Kri)ee, and
(Kri)ei, which had minimum values of 0.15, 0.35, and 0.95,
respectively. For ion current collection to a cylindrical probe
Graf16 and Sonin11 have shown that Laframboise's collisionless
theory agreed very well with experiments for (Kri)a down to
0.25 and 0.03. However, for electron temperature measure-
ment it has been found12 that double probes are less suscep-
tible to collisional effects than single probes. Hence electron
temperature was determined from a double probe method
which is similar to that of Johnson and Malter11 but which

Table 1 Nozzle flow conditions

ra
•Pstag
-* chamber
Atom/Ion temperature
Electron temperature
Atom number density
Charged particle density
Mach number
Reynolds number/cm
Plate surface temperature

An— n
Xe_;

\e-n
Xe-e

0.45 g/sec
4.85 torr
0.034 torr
~850°K
1620°K
4.1 X 1014 cm-3

5.5 X 1012 cm-3

2.2
Q

400 °K
1.33 X lO^ec-1

1.2 X 10-4cm
3.1 X 10-1 cm
5.0 X 10-1 cm
1.7 X 10-2 cm
1.2 X 102 cm
5.9 X 10~3 cm
2.3 X 10~3 cm
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takes into account the dependence of ion current collection on
rp/\D and (Ti/Te). The improvement was achieved by using
Kiel's18 fitting formula to Laframboise's numerical result.
Ion number density was deduced from the ion saturation cur-
rent using the theory of Laframboise. Details of data reduc-
tion and the application of Kiel's fitting formula are described
in Ref. 10. The boundary-layer plasma potential distribu-
tion was measured indirectly. The cylindrical probe floating
potential $/, with respect to the wind-tunnel wall, was mea-
sured and converted to plasma potential according to the
collisionless probe theory. Here the dimensionless plasma-
floating potential difference x/'= eW>o — (j>f)/kTe is also evalu-
ated as a function of rp/\D and Ti/Te.

The theory for flush mounted electrostatic probes is more
complicated and less complete. Its validity in measuring the
freestream ionized species properties was not known a priori.
But under conditions where the mean free path is much larger
than the Debye length and the probe saturation ion current is
independent of the bias-potential, this saturation ion current
can be used to determine the sheath edge ion density if the
electron temperature is known. The sheath edge electron
temperature in our case can be determined through extrapola-
tion from the boundary-layer electron temperature profile or
by collecting the retarding field electron current through puls-
ing the flush probe from floating to sheath edge plasma po-
tential, as described in Ref. 10. Since the flush probe ion cur-
rent saturation could not always be achieved due to the sheath
fringing-field effect, a size-study on flush probes was under-
taken and served to establish a criterion under which the edge
effect starts to become significant.

The ion saturation current collected by flush probes can be
used to determine the charged particle number density at the
boundary-layer edge by means of boundary-layer theory only
if this ion current density agrees with the theoretically pre-
dicted ambipolar diffusion flux across the boundary layer.
This correspondence can be assessed by comparing the result
of a numerical analysis of the charged species conservation
equation with experimental measurements using both cylin-
drical and flush-mounted electrostatic probes.

4. Experimental Results

4.1 Results of Cylindrical Langmuir Probe Measure-
ments in the Boundary Layer

Langmuir probe measurements were made to about 0.1 in.
above the flat plate surface. Figure 2 shows boundary layer
profiles of electron temperature at two stations behind the
leading edge. The boundary-layer edge electron temperature
6-8, was essentially constant along the flat plate. The mea-
sured electron temperature profile displayed a decrease in 6- of
about 30% of the freestream value towards the plate surface.
This is believed to be caused by the cooling effect due to the

X = 4.0"

Te FROM L.R

Te FROM FLUSH PROBE

0.08 0.10 0.12 0.14 0.16 0.08 0.10 0.12 0.14 0.16
Te (ELECTRON VOLT)

Fig. 2 Boundary-layer electron temperature
profiles.
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Fig. 3 Boundary-layer charged particle density
profiles.

presence of the cooled plate. Although the flat plate at the
floating potential collects only a small portion of the electron
random flux, it collects the high-energy electrons which carry
with them many times the average electron internal energy.
Secondly, in an afterglow plasma such as used in our experi-
ment, the electron temperature is significantly influenced by
the collisional-radiative 3-body recombination process. In
this process, a fraction of the ionization energy is returned to
electrons through the so-called "superelastic collisions" and
the electron temperature tends to be higher than that of ions
and neutrals. This recombination energy transfer shows up
as a source term in the electron energy balance as discussed in
later sections. The recombination coefficient a' is propor-
tional to the charged particle number density Ni, for 6- con-
stant. Because the charged-particle density decreased
sharply toward the plate surface, the recombination process
was then not expected to be adequate in maintaining a con-
stant 0_ throughout the boundary layer. Both of these
energy-loss mechanisms contribute to lowering 0_ close to the
edge of the plasma sheath over the plate.

The magnitude of the decrease in 6- across the boundary
layer, as shown in Fig. 2 appeared to be similar to the results
of Brown and Mitchner.6 A detailed comparison was not at-
tempted due to the different flow conditions for the two ex-
periments. Our results also exhibit some disagreement with
Sonin's11 0_ measurements in a stagnation boundary layer in
which he found 0_ to be approximately constant all the way
to the blunt body surface. The standing normal shock in
Sonin's experiment tended to heat the electron gas, as has
been shown by Kirchhoff.19 This heating effect thus balances
out part of the cooling effect due to the blunt body so that the
depression in 6-, if any, will be confined to a region extremely
close to the surface. Boundary-layer charged particle density
profiles obtained by Langmuir probes are shown in Fig. 3.
Ion saturation current profiles obtained with constant probe
bias are also shown for purposes of comparison. Due to the
variation in 6-, <£0 and rp/\D through the boundary layer,
differences between the two profiles can be expected. The ion
current profile appeared to over-estimate the ion density near
the wall if it was taken to be equivalent to the ion density
distribution.

The distribution of floating potential measured relative to
the value of </>/ at the boundary-layer edge is shown in Fig. 4.
The plasma potential distribution calculated according to
free molecular probe theory is also included. The potential
drop in the ambipolar region is about 0.4 v. This is of the
same order as the potential drop through the free fall sheath
(estimated to be 5.6 0_,s ̂  0.6 v). Negligible charge separa-
tion is expected in the ambipolar region because of its much
larger length scale compared with the free fall sheath. It is
also of interest to note the constancy of the plasma potential
from the boundary-layer edge out toward the jet boundary.
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Fig. 4 Boundary-layer floating and plasma potential
profiles (x = 4.0 in.).

This demonstrates clearly the fact that no current was flowing
when the flat plate was at floating potential.

4.2 Result of Flush Probe Measurements

The ion saturation current collection vs bias potential was
essentially constant for f-in.-diam flush probes. This ion cur-
rent collection—extrapolated to the floating potential—is
presented in Fig. 5 as a function of distance from the leading-
edge. Since the plate was electrically floating, the ion current
to a flush probe at floating potential should represent the am-
bipolar flux driven to the plate by the combined driving forces
due to partial pressure gradient and electric field. Data pre-
sented in Fig. 5 indicate that the flush probe ion current along
the plate varied nearly as x^1^. •

If the ion current collection by flush probe is truly ambi-
polar in nature, then this ion current can also be obtained by
evaluating the ambipolar diffusion flux to the plate surface
from the measured ion number density profile and the esti-
mated neutral temperature distribution. As shown later, this
ambipolar diffusion flux can be expressed as

-r—M+ H
where

C = NtM+/p, = T/T8,

(1)

y/H
The quantities DA{ } on the right-hand side are evaluated

at one mean free path away from the plate surface and H is
some reference length. Using measured properties in the
determination of DA, r&i*, and dn;*/d?/*, together with an
estimate of (l/T*)(dT*/dy*) from simple boundary-layer
theory, T+w was calculated as a function of x and is included
in Fig. 5. This calculated T+w is found to be only about 10%
lower than the flush probe measurements and also shows a
^~1/2 variation. The discrepancy is not serious due to the ap-
proximate nature of Eq. (1) in neglecting thermal diffusion,
and to the inability of measuring (dn»*/d2/*)lx accurately from
the charged particle density profile.

Because of the relatively close agreement between the flush
probe ion current and the calculated diffusion flux r+w; the
ion current to a flush probe can be used to determine the
sheath edge ion number density via

(# Osheath edge = [T +w/ (2kT e/ M + + a) A, (2)

where A0 is a function of a == (Ti/Te) and has been deter-
mined in Ref. 10 by making use of a sheath analysis due to
Bienkowski.20 This calculated (A^-)s.E. has been included in
Fig. 3, together with boundary-layer charged species particle
measurements obtained by cylindrical probes. It is found
that the sheath edge ion number density falls on the line of
extrapolation rather well. The Te used in Eq. (2) is taken as
an extrapolation from the boundary-layer Te profile. In fact,
(Te)s.E. was also obtained from the retarding field electron

current collection by pulsing a ^-in. flush probe from floating
potential towards the sheath edge plasma potential. The
plot of ln/6 vs 0P exhibited a straight line for two decades of
electron current collection. The flush probe Te measurements
are also shown in Fig. 2 and are consistent with the Te profiles
within the boundary layer.

4.3 Flush Probe Size Study Results

The larger flush probes (-|- and f in. diam) operated at nega-
tive bias gave essentially identical V-I characteristics and cur-
rent saturation was approached quickly. For smaller flush
probes ion current collection exhibited much stronger de-
pendence on applied potential, as shown in Fig. 6. To demon-
strate the sheath-edge effect the current density to smaller
flush probes was normalized with respect to the ion current
collection at the floating potential as obtained by the f-in.-
diam flush probe and plotted as a function of rp/ls in Fig. 7
for several flow conditions. The sheath thickness ls was cal-
culated with the bias-potential and properties at the sheath
edge for a free fall sheath as given in Brown.21 It is seen
that ion current density can increase by a factor of 10 or
more if ls/rp is rather large.

The excess of ion current density collected by a small flush
probe as compared to the ambipolar diffusion flux can be ex-
plained as an increase of effective collecting area due to the
three-dimensional nature of the plasma sheath near the
probe. Considering the sheath to be represented by the
curved surface of a spherical segment with height ls and with
its base circle taken to have a radius rp as shown in Fig. 7,
then the ratio of the effective collection area to the actual
probe area becomes

R 53 (AeffAWe) ^ 1 + (Zs
2/rp

2) (3)

Equation (3) is also shown in Fig. 7 and appears to agree with
experimental data very well for (ls/rp) > 1. For ls/rp < 1 a
better estimate of the effective area can be achieved as de-
scribed in Ref. 10, which gives

R E=
(4)

5. Numerical Program

A numerical analysis was carried out with the object of
examining the depression of electron temperature 6- toward
the surface of the flat plate and the effect of variable transport
properties on charged particle density distribution in the
boundary layer. Assuming the plasma sheath over the plate
surface to be much smaller than any relevant mean free path,
which was satisfied under our experimental conditions, pro-
files of Ni and 6- were obtained in the quasi-neutral region
from numerical solutions to the charged species conservation
and electron energy equations. All neutral flow properties
were calculated according to the classical theory of Chapman

i i i i i i i i i i i
\
*\o

\̂  X

x THEORETICAL (EQ. 8) * "*"— -!L
-D— •—

o FLUSH PROBE MEASUREMENT A

A FROM b. I. DENSITY PROFILE ( EQ. 1 )

— —— X~ 2 VARIATION

I i I , I . I , I

1

-

-

•-W-- _

'
2 3 4 5

X-INCHES AFTER LEADING EDGE

Fig. 5 Comparison of ambipolar diffusion flux values.
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and Rubesin.22 The compressible Blasius velocity profile
was assumed to prevail over the plate.

5.1 Species Conservation Equation and Charged
Particle Density Profile

For a weakly ionized gas flowing over a flat plate which is at
the floating potential, the charged particle diffusion across
the boundary layer is essentially ambipolar in nature, and
arises as a result of gradients in the partial pressures of ions
and electrons and the electric field. Following the formulation
of Ghung and Blankenship,2 the charged species conservation
equation in the quasi-neutral region of the boundary layer, in-
cluding the recombination term, can be written as

.
OU r— + 0V —— = ——
* * (1 + rl)

(5)

where C is the charged species concentration, DA is the ambi-
polar diffusion coefficient, a is the ion-electron temperature
ratio, and o> is the volume recombination rate given by Hinnov
and Hirschberg23: o> = — (dNi/dt) = a'Ni2, where a.' =
5.6 X 10~27 (JVV0_9/2) with Ni in cm~3 and 0__ in ev.

Equation (5) differs Jrom the more often quoted equation
(cf. Bruhdin24) through the inclusion of the additional term
(1 +'a~1)~1(da~1/dy). However, the inequality IC^dC/d?/)!
^> |[(1 + a-1)"1 (da "Yd?/)] I was always satisfied for our
experimental conditions. Hence, for simplicity this extra
term is neglected and the simpler equation,

pubC/by + pvdC/dy = (d/d?/) (pD^C/cty) + <*>M+ (6)
which was employed by Brundin is also employed here. After
applying the usual boundary-layer transformation into (s,ij)
coordinates such as used by Chapman and Rubesin,22 and de-
fining a normalized concentration Z E= C/C8, we then have

in which primes denote differentiation with respect to rj,
SA =' ju/pD^ is the ambipolar Schmidt number, and q =
— (d lnC5)/(d Ins) is the concentration gradient parameter at
the boundary-layer edge due to recombination.

For a constant value of q Eq. (7) can be integrated with
calculated profiles of /, /', p/p5 and measured values of
(6-/6-8), subject to the boundary conditions

Z(0) = Z0 and Z(<*>) = 1, = 0 (7a)
ZQ .= 0.02 is chosen to be consistent with the AT*-, value at the
sheath edge obtained from flush probe data. Numerical in-
tegration of Eq. (7) was carried out using a Runge-Kutta
scheme with step size Aij = 0.1. The variable ambipolar
Schmidt number, SA, was determined from measured Te and
calculated T* profiles in the boundary layer. The value of

1 VOLT/ DIVISION

Fig. 6 Size-effect on flush probe characteristics and size-
study model schematic.
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Fig. 7 Size-eifect on flush probe ion current collection.

Z'(0) at the sheath edge (or, practically, at the plate surface)
was iterated until the desired profile was established for which
Z(.<») -*> 1 asymptotically.

Figure 8 shows boundary-layer charged particle density
profiles for two values of boundary-layer edge concentration
gradient parameter q, calculated using the experimental 0_
profile at # = 4 inches downstream from the leading edge.
The close agreement between these profiles indicates that the
effect of volume recombination is manifested mainly in the
freestream, where the ion density is the greatest, and thus the
boundary-layer profiles normalized by the local freestream
ion density show negligible recombination effect. Measured
ion density profiles at two stations are plotted in Fig. 9, to-
gether with numerically-obtained profiles; neglecting the
recombination term. The agreement is good.

The effect of variable ambipolar Schmidt number 'SA on the
boundary-layer ion density distribution under experimental
conditions-is also exhibited in Fig. 8. The ion density pro-
files appeared to be insensitive to whether the SA variation
was determined from the measured 0_ profile or was taken to
be a constant value (SA)S- This fact enables us to determine
the charged particle density distribution in the boundary
layer without exact knowledge of the distribution of electron
temperature 6-. Furthermore, this implies that when the
electron energy equation is integrated (as described in Sect.
5.2) the ion density distribution can be assumed known.
Otherwise, an iterative procedure has to be used in order to
obtain consistent number density and electron tempera-
ture profiles.

Under our experimental conditions the neutral mean free
path calculated with properties at the plate surface is not
negligibly small. The charged particle diffusion flux to the
plate surface predicted theoretically should therefore be
evaluated one mean free path away from the surface. Ex-

N
(NL)g

—————— q =0.1

_ —— ——. q =0.4

VARIABLE SA WITH MEASUREDTe-

1.0 2.0
^

Fig. 8 Theoretical boundary-layer charged particle
density profiles (AC = 4.0 in.).
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Fig. 9 Comparison of boundary-layer charged particle
density profiles.

pressed in boundary-layer variables, we have
e /c

+w M+
p A\dy,

where Rex = (psw)//i5, ^ H=~ (PM/P«M«)> and a^ properties are
evaluated at r)x, the transformed distance for y = X.

Using the numerical solution of Z'(r\\) for q SEES 0, and the
measured value of (Ni)8 together with estimated properties
DA, (p/ps), and /at rj = TJX, T+w can be calculated as a function
of x. This result is also presented in Fig. 5, together with ex-
perimental measurements using flush probes and free mole-
cule probes. The agreement between measurement and theo-
retical prediction is excellent (within 10%). This close agree-
ment establishes the fact that the measurement of flush probe
diffusion flux T+w can be used to determine the charged par-
ticle density at the boundary -layer edge through Eq. (8), at
least for the present experimental conditions. In general,
Z'(i?x) is obtained for a fixed value of Z(0) although Z(0) is
not known a priori since its determination requires knowledge
of (Ni)8. This difficulty can be circumvented by starting
with an approximate value of Z(0) and obtaining Z'(rjx) by
integrating Eq. (7) until the boundary conditions are satis-
fied; on calculating (Ni)s from Eq. (8) and (ZVt)s.E. fromEq.
(2) using the measured value of T+w together with the esti-
mated neutral density ratio, an improved value of Z(0) is ob-
tained. Since the effect of Z(0) on Z'(T)X) is quite small, a
convergent iterative process can easily be established.

5.2 Electron Energy Equation and Boundary- Layer
Electron Temperature and Plasma Potential Profiles

Following the formulation of Dix25 and with the addition of
a recombination energy transfer term, we can write the elec-
tron energy conservation equation within the quasi-neutral re-
gion in terms of customary boundary-layer notation,

pC_CP,- {w&IZV&c + (v +
= Qei (9)

where Cp- is the specific heat for the electron gas, VA is the
ambipolar diffusion velocity, Ke is the electron thermal con-
ductivity given by Spitzer,26 £e is the energy transfer of re-
combination, and Qei is the electron-ion collisional energy
transfer. The electron-atom collisional energy transfer is ne-
glected because it is negligible relative to Qei. The latter col-
lisional energy transfer is given by

Qei = - - T)

vei is the electron-ion collision frequency as given in Holt and
Haskell27

vei = (2.63N* lnA/27'2) sec'1

where Ne is in cm~3, Te is in °K and In A is taken to be ap-
proximately 6.0. The energy transfer term can be expressed
as

£ = -(dNe/dt)E = a'N*E

where a' is given by Hinnov and Hirschberg23 and E is the
energy in ev given to the electron gas per recombination.

In deriving Eq. (9), conduction and diffusion terms for the
x direction are assumed to. be small compared with those for
the y direction. The electron energy transfer term involving
the ambipolar electric field has been neglected due to its
negligible contribution as compared to the conduction and
collision terms.

Transforming into boundary-layer coordinates with 6 s=a
Te/Te8, and after substituting the various quantities defined
above and using the following relations for the thermal con-
ductivities, Ka ~ T3/4, Ke ~ 2V'2, we obtain

d20 5
dfi2 = ~~2

(10)

where

c = Pr(CKa/Ke)8

d = 4Pr(Ka/Ke)8 8.9 X W-™(Ne8*/Te8H*)/(p8u8CpTe8/L)
= 4 - 8.9 X lQ-»(N.B*/TJl*)L*/K.tT*ReL

r = (Ta/Te)s is the neutral-electron temperature ratio at the
boundary-layer edge, and r- = E[Q.2(Ne8/Te8

4)] is the ratio of
the recombination term to the collisional energy transfer term.

The boundary conditions for Eq. (10) are specified at the
outer edges of the free-fall sheath and of the boundary layer.
Following the treatment of Dix,25 a thin transitional layer is
postulated to exist between the sheath and the quasi-neutral
region. Assuming electron energy loss and potential drop
across this thin transitional layer to be negligible, the net elec-
tron energy flux crossing the outer edge of the transitional
layer is equated to the net energy flux crossing the edge of the
free fall sheath. As shown in Ref. 10, this yields a relation-
ship between dfl/drj and 6 at the sheath edge in the form

= gsT+wOs-*i* (11)

2.5

1.0

0.5

————— NUMERICAL SOLUTION

o LANGMUIR PROBE]
EXPERIMENT

* FLUSH PROBE f

where the ion and atom temperature is assumed equal and

0.12 0.14 008 0.10 QI2 0.14

Te (ELECTRON VOLT)

Fig. 10 Comparison of boundary-layer electron tempera-
ture profiles.
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where

with x/ being the dimensionless potential drop across the
sheath and Y+w the ambipolar diffusion flux to the plate sur-
face which is also equal to the electron flux when the probe is
at floating potential.

At the boundary-layer edge we have
6 -> 1 and d0/dr? -^ 0 as vj -> oo (12)

From Eq. (10) this condition also requires that we have col-
lisional-recombination energy balance at the boundary-layer
edge. Further, it also determines the amount of energy E
given back to the electron gas due to recombination in order
to achieve collision-recombination energy balance and from
Eq. (10) for 77 -> oo we obtain

E = (1 - r) 5.07 ev (13)
where Tes is in °K and (Ne)s is in cm~3. This choice of E
enables the numerically integrated boundary-layer profile of
Te to approach (Te)& asymptotically. The values of E calcu-
lated from Eq. (13) using (Ne)s, (Te)s under our experimental
conditions range from 1.55 to 2.20 ev per recombination,
which are somewhat higher than values of E from a theoretical
curve given by Chen28 for an optically thin plasma. This fact
suggests the possibility that some trapping of resonance radia-
tion may have been present. For a more realistic analysis E
should be chosen as variable across the boundary layer, but a
constant value which is evaluated at the boundary-layer edge
seems adequate for our purpose.

Taking x as a parameter, Eq. (10) was integrated using a
four point Runge-Kutta scheme with previously determined
Ti and Ni profiles across the boundary layer taken as known
functions. The numerical results for Te are shown in Fig.
10, together with Langmuir probe Te measurements in the
quasi-neutral region for two stations behind the leading edge.
The calculated and measured Te profiles agree within 10%.
The flush probe 0_ measurements identify quite well the
magnitude of the Te drop close to the surface as predicted by
the numerical solutions.

In the derivation of the species conservation equation, Eq.
(6), the ambipolar electric field is related to the concentration
gradient by

The potential drop can then be obtained from integration of
this ambipolar electric field,

dr?
8 9 d InZ

i dij (14b)

The plasma potential distribution for x = 4 inches calculated
by means of Eq. (14b) is plotted in Fig. 11 together with
boundary-layer potential measurements made with a floating
single probe. Both profiles exhibit the correct trend of po-
tential variation. The single probe measurements exhibit a
slightly more rapid potential drop near the plate surface.
This discrepancy is believed to be due partly to the small de-
parture between the actual profiles and the theoretically
calculated profiles of electron temperature 6 and charged
species concentration Z in the boundary layer. In fact, the
use of measured values of (0_/0-s) and (Ni/Nis), together
with the calculated T/T8 profile in Eq. (14b) results in im-
proved agreement with the experiment. This agreement
would be even better if the thermoelectric effect term aVO-
due to the variation of electron temperature in the boundary
layer were taken into account of the right hand side of Eq.

6. Conclusions
An experimental investigation has been undertaken using

free molecule cylindrical probes and flush mounted electro-

CALCULATED WITH
EXPERIMENTAL^) PROFILES

1.0 2.0 3.0 4.0
Y - DISTANCE ABOVE PLATE SURFACE ( INCHES)

Fig. 11 Comparison of boundary-layer plasma potential
profiles {x = 4.0 in.).

static probes as primary diagnostic tools for an ionized flat
plate boundary layer. A comparison with numerical solu-
tions to boundary-layer species and electron energy conserva-
tion equations has shown that the charged species properties
predicted by classical boundary-layer theory taking into ac-
count variable transport properties agree rather well with the
experimental results under moderately low Reynolds number
conditions.

Electron temperatures were found to decrease about 30%
from the freestream to the plate surface. Mechanisms re-
sponsible for cooling the electron gas in the boundary layer
were identified as the loss of high-energy electrons to the sur-
face and the inadequacy of recombination energy transfer to
the free electrons close to the plate surface because of locally
low charged particle densities. Hence electron temperatures
measured by flush probes do not correspond to (6-)5 at the
boundary-layer edge.

The ambipolar diffusion flux to the electrically floating
plate was found to be proportional to x~1/2 as predicted by the
classical boundary layer theory. Flush probe ion saturation
current measurements can be used to predict (Ni)$ via bound-
ary-layer theory with good accuracy.

The sheath fringing-field effect on ion current collection to a
negatively biased flush probe has been established experi-
mentally from results of flush probe size studies. For ls/rp <
0.1, the fringing field effect will be less than 5%.
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Cathode Region of a Quasi-Steady MPD Arcjet
P. J. TURCHI* AND R. G. jAHNf

Princeton University, Princeton, N.J.

An MPD discharge is examined near the cathode of a 2.5 Mw, quasi-steady, self-field arcjet.
High-speed photography shows a concentration of arc luminosity in the cathode region, while
detailed measurements with electric and magnetic field probes indicate that 85% of the total
arc power is deposited within one base diameter of the cathode surface. Ion energies are shown
to be proportional to the voltage drop in the cathode region even though current conduction
is accomplished primarily by electrons in a tensor manner. It is found that a high-speed
plasma flow is delivered to the cathode, where it is converted into a useful exhaust jet in a
thin, high-density layer at the cathode surface. Local measurements of electron tempera-
ture and estimates of electron density, made within the discharge and exhaust jet using a
twin Langmuir probe technique, indicate a nearly uniform electron temperature of about
1.5 ev throughout the quasi-steady arcjet flow.

I. Introduction

OUR purpose here is to understand the physical processes
involved near the cathode of an MPD arcjet. Interest

in such processes derives from a desire to achieve logical
guidelines for the design of an optimum electric thruster of
this type for space applications. We shall be particularly
concerned with the mechanics of current conduction and
plasma acceleration in the vicinity of the cathode, and the
transfer of electrical energy to the plasma in this region.
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II. Experimental Program

Experiments inside steady MPD arcjets are ordinarily pro-
hibited by the small volume of the arc chamber and the vio-
lence of arc operation. Understanding of MPD processes has
thus been limited to inferences made from various terminal
properties such as total voltage, current, thrust, etc., supple-
mented by optical measurements of arc-luminosity distribu-
tion, and species existence and temperature. We seek to im-
prove this situation by a series of detailed measurements
within a high power, large radius, quasi-steady arcjet.

Experimental Facility

By operating an arcjet with a short pulse of high current,
we are able to avoid the experimental difficulties of poor in-
terior access and instant probe destruction. Higher currents
allow us to scale the arc-chamber dimensions to maintain the
intensity of MPD operation in a larger volume. Thus, for a


